In this paper, which is sequel to [10], we give a generalisation of the second Klein-Maskit combination theorem, the one dealing with HNN extensions, to higher dimension. We give some examples constructed as an application of the main theorem.
Introduction
The combination theorems for classical Kleinian groups, i.e. for those in PSL 2 C, are ways to generate new Kleinian groups as amalgamated free products or HNN extensions of given Kleinian groups. The first of such theorems was given by Klein [9] in the case of free products. Maskit in [12, 13, 14, 15, 16, 17] gave several generalisations of Klein's combination theorem, among which are the first combination theorem dealing with amalgamated free products and the second combination theorem dealing with HNN extensions.
In our previous paper [10] , we considered a generalisation of the first combination theorem of Maskit to higher dimension. In the present paper, which is its sequel, we shall generalise his second combination theorem. Maskit's second combination theorem asserts that under some conditions, two Kleinian groups G 0 , G 1 , where G 1 ¼ h f i is infinite cyclic and G 0 has two isomorphic geometrically finite subgroups J 1 and J 2 conjugated by f , generate a Kleinian group isomorphic to the HNN extension of G 0 by f , and also that under the same conditions the resulting group is geometrically finite if and only if G 0 is geometrically finite.
As in the case of amalgamated free products, a first attempt to generalise Maskit's second combination theorem to higher dimension was likewise made 1 by Apanasov in his pioneering work [3, 4] . Ivascu [8] also dealt with such a generalisation with a bit di¤erent approach. In particular, they showed that under the same assumptions as Maskit combined with some extra conditions, one can get a discrete group which is an HNN extension of a discrete group of n-dimensional Mö bius transformations and a Mö bius transformation with infinite order. To be more precise, what they proved is the following. Theorem 1.1 [Apanasov, Ivascu] . Let G 0 be an n-dimensional Kleinian group with subgroups H 1 and H 2 . Suppose that closed domains D 1 and D 2 bounded by hypersurfaces S 1 and S 2 of n-sphere S n are precisely invariant in G 0 with respect to H 1 and H 2 , respectively. Suppose also that an n-dimensional Möbius transformation f maps D 1 onto S n nD 2 , and that the following conditions hold: In this paper, we shall give a generalisation of the second Maskit combination theorem in higher dimension without any additional assumptions, imposing only natural ones corresponding to those in Maskit's. Our theorem also asserts that the group obtained as an HNN extension is geometrically finite if and only if the original group is, under some conditions. We note that in the present paper as in the previous one, we say that a Kleinian group is geometrically finite when the e-neighbourhood of its convex core has finite volume for some e > 0, and there is an upper bound for the orders of torsions in the group. We do not assume that the group has a finite-sided fundamental polyhedron. Our main result (Theorem 3.1) and its proof will appear in §3.
The authors would like to express their gratitude to the referee for his/her careful reading of the manuscript and valuable suggestions.
Preliminaries
2.1. Basic notions. We follow the notations used in [10] . We use the symbol R n to denote the one-point compactification of the n-dimensional Euclidean space R n and MðR n Þ to denote the group of orientation-preserving Mö bius transformations. We identify R n with the sphere at infinity of the hyperbolic n þ 1-space. We shall use both the ball model and the upper halfspace model for the hyperbolic space. We use the symbol B nþ1 for the ball model and H nþ1 for the upper half-space model. We denote the limit set of a discrete group G H MðR n Þ by LðGÞ. We call points of LðGÞ limit points. The complement WðGÞ ¼ R n nLðGÞ is called the region of discontinuity of G.
A discrete group G H MðR n Þ is said to act discontinuously at a point x A R n if there is a neighbourhood U of x such that fg A G j gðUÞ V U 0 jg is a finite set. The group G acts discontinuously at every point of WðGÞ, and at no point of LðGÞ.
The complement of the fixed points of elliptic elements in WðGÞ is called the free regular set, and is denoted by WðGÞ. When WðGÞ 0 j, a fundamental set of G is defined to be a set which contains one representative of each orbit GðyÞ of y A WðGÞ. It is obvious that WðGÞ 0 j if and only if WðGÞ 0 j. If WðGÞ 0 j, then we call G a Kleinian group.
For the limit set LðGÞ, we have the following useful lemma ( [10] ).
Lemma 2.1. Let fg m g be a sequence of distinct elements of the Kleinian group G H MðR n Þ. Then there are a subsequence fg m i g and limit points x and y of G such that g m i ðzÞ ! x uniformly on every compact subset of R nþ1 nf yg.
We shall use the following terms in the same way as in [10] .
Definition 2.2. Let T 1 ; . . . ; T m be sets and J 1 ; . . . ; J m be subgroups of the group G H MðR n Þ. We say that ðT 1 ; . . . ; T m Þ is precisely invariant under ðJ 1 ; . . . ; J m Þ in G, if each T k is precisely invariant under J k in G, and if for i 0 j, and for all g A G, gðT i Þ V T j ¼ j.
For the domain of discontinuity WðGÞ, we have the following proposition. Refer to Proposition II.E.4 in Maskit [15] or Theorem 5.3.12 in Beardon [5] . Proposition 2.2. Suppose that WðGÞ is not empty. Then a point x A R n is contained in WðGÞ if and only if
(1) the stabiliser Stab G ðxÞ ¼ fg A G j gðxÞ ¼ xg of x in G is finite, and (2) there is a neighbourhood U of x in R n which is precisely invariant under Stab G ðxÞ in G. A fundamental set F for a discrete subgroup G whose interior is a fundamental domain is called a constrained fundamental set.
Normal forms.
Let G 0 be a discrete subgroup of MðR n Þ with isomorphic subgroups J 1 and J 2 , and f a transformation in MðR n Þ of infinite order satisfying
, we define normal forms as follows.
A normal form is a word of the form
g k is not the identity except possibly for the last one g 1 , (3) the exponents a k are assumed to be non-zero except for the first one a n , (4) if a k < 0 and g kþ1 A J 1 À fidg, then a kþ1 < 0, and (5) if a k > 0 and g kþ1 A J 2 À fidg, then a kþ1 > 0. The length of a normal form g ¼ f a n g n Á Á Á f a 1 g 1 is defined to be jgj ¼ P ja k j. Two normal forms are defined to be equivalent if we can transform one to the other by repeating the following operations finitely many times: inserting a word of the form fjf À1 ð fjf À1 Þ À1 for some j A J 1 and deleting a word of the same form. The set of the equivalence classes of normal forms with concatenation as binary operation corresponds one-to-one to the HNN extension of G 0 by f , which we denote by G 0 Ã f preserving the group structures.
We call a normal form g ¼ f a n g n Á Á Á f a 1 g 1 positive if a n > 0, negative if a n < 0, and null if a n ¼ 0. More specifically, we call g a ð j; kÞ-form, with j either þ or À, or 0 when g is positive or negative or null, respectively, and
Let hG 0 ; f i be the subgroup of MðR n Þ generated by G 0 and h f i. Then, there is a natural homomorphism F : G 0 Ã f ! hG 0 ; f i which is defined by Fð f a n g n Á Á Á f a 1 g 1 Þ ¼ f a n g n Á Á Á f a 1 g 1 for a normal form f a n g n Á Á Á f a 1 g 1 representing an element of G 0 Ã f , and Fð jÞ ¼ j for j A G 0 . It is easy to see that this is independent of a choice of a representative of the equivalence class. The map is obviously an epimorphism. If F is an isomorphism, then we write hG 0 ; f i also as G 0 Ã f identifying elements of G 0 Ã f and their images by F.
Since G 0 is embedded in hG 0 ; f i, each non-trivial element in the kernel of F can be written in a normal form. Therefore the following is obvious. We assume that G 0 is a discrete subgroup of MðR n Þ with isomorphic subgroups J 1 and J 2 , and f A MðR n Þ has infinite order, where
The triple ðZ; X 1 ; X 2 Þ is said to be an interactive triple (for G 0 , f , J 1 and J 2 ) when the following hold.
(
If there exists a non-empty G 0 -invariant subset of ZnG 0 ðX 1 U X 2 Þ, then the interactive triple is said to be proper. We can easily see that if ðZ; X 1 ; X 2 Þ is an interactive triple and g A G 0 À J 1 , then gðX 1 Þ H Z, and also if g A G 0 À J 2 , then gðX 2 Þ H Z. Example 2.1. For n b 2, let e 0 ; e 1 ; . . . ; e nÀ1 be the standard basis of R n , where e 0 ¼ ð1; 0; . . . ; 0Þ. Set X 1 ¼ fx ¼ P n i¼1 x i e iÀ1 A R n j x n < 0g, X 2 ¼ fx A R n j x n > 0g, and Z ¼ f0g. We define G 0 ¼ J 1 ¼ J 2 to be h j 1 ; j 2 ; . . . ; j nÀ1 i, where j i ðxÞ ¼ x þ e iÀ1 ði ¼ 1; 2; . . . ; n À 1Þ. Let f ðxÞ ¼ x þ e nÀ1 . It is obvious that ðZ; X 1 ; X 2 Þ is an interactive triple for G 0 , f , J 1 and J 2 . Since ZnG 0 ðX 1 U X 2 Þ ¼ Z does not have a G 0 -invariant subset however, ðZ; X 1 ; X 2 Þ is not proper.
If we change Z above to Z 0 ¼ fx ¼ P n i¼1 x i e iÀ1 A R n j x n ¼ 0g preserving X 1 and X 2 to be the same as above, then ðZ 0 ; X 1 ; X 2 Þ is also an interactive triple for G 0 , f , J 1 and J 2 , and ðZ 0 ;
The following lemma due to Maskit holds also in higher dimension without any change.
Lemma 2.4 (Lemma VII.D.11 in [15] ). Suppose that ðZ; X 1 ; X 2 Þ is an interactive triple for G 0 , f , J 1 and J 2 , and that A 0 is a non-empty G 0 -invariant subset of Z, which has trivial intersection with
If g is a ð0; þÞ-form, then there is an element h A G 0 such that
The existence of a proper interactive triple forces F to be isomorphic. (Theorem VII.D.12 in Maskit [15] in the case when n ¼ 2. The proof is the same in higher dimension using Lemmata 2.3 and 2.4.) Theorem 2.5. Let G 0 , f , J 1 and J 2 be as above and suppose that there is a proper interactive triple for G 0 , f , J 1 and J 2 . Then
Using Theorem 2.5, we get the following straightforward generalisation of Theorem VII.D.13 in [15] . Theorem 2.6. Let G 0 be a discrete group. Suppose that ðZ; X 1 ; X 2 Þ is an interactive triple for G 0 , f , J 1 and J 2 and that A 0 H ZnG 0 ðX 1 U X 2 Þ is a non-empty
Geometric finiteness.
As in the previous paper [10] , we use the following definition of geometric finiteness, not assuming the existence of finite-sided fundamental polyhedron.
Definition 2.4. Let G be a discrete subgroup of MðR n Þ. We denote by HullðLðGÞÞ, the minimal convex set of H nþ1 containing all geodesics whose endpoints lie on LðGÞ. This set is evidently G-invariant, and its quotient HullðGÞ=G is called the convex core of G, and is denoted by CoreðGÞ. The group G is said to be geometrically finite if the following two conditions are satisfied:
(1) there exists e > 0 such that the e-neighbourhood of CoreðGÞ in H nþ1 =G has finite volume, and (2) there is an upper bound for the orders of torsions in G.
A point x of LðGÞ of a discrete group G of Mö bius transformations is called a parabolic fixed point if Stab G ðxÞ contains parabolic elements. For a para-bolic fixed point z, a horoball in B nþ1 touching R n at z is invariant under Stab G ðzÞ. In the case when Stab G ðzÞ has rank less than n, it is useful to consider a domain larger than a horoball, which we call an extended horoball.
Definition 2.5. Let G be a discrete subgroup of MðR n Þ, and z a parabolic fixed point of G. Let Stab Ã G ðzÞ be the maximal free abelian subgroup of the stabiliser Stab G ðzÞ of z in G. Suppose that the rank k of Stab Ã G ðzÞ is less than n. Then there is a closed subset B z H B nþ1 invariant under Stab G ðzÞ which is in the form
where t ð> 0Þ is a constant and h A MðR n Þ is a Mö bius transformation such that hðzÞ ¼ y. We call B z an extended horoball of G around z.
Related to this, there is a set called a peak domain, which was introduced by Apanasov.
Definition 2.6. A peak domain of a discrete group G of MðR n Þ at the parabolic fixed point z of G is an open subset U z H R n such that (1) U z is precisely invariant under Stab G ðzÞ in G, and (2) there exist a t > 0, and a transformation h A MðR n Þ with hðzÞ ¼ y such that
where k ¼ rank Stab
Definition 2.7. Let z be a parabolic fixed point of the discrete group G H MðR n Þ. If G has an extended horoball B around z, then the interior of its intersection with R n is a peak domain. Following Bowditch [6] , we use the term standard parabolic region at z to mean an extended horoball when the rank of Stab G ðzÞ is less than n, and a horoball when the rank of Stab G ðzÞ is n.
We shall present definitions of terms which are commonly used in studying geometrically finite groups in MðR n Þ.
Definition 2.8. A point z A R n fixed by a parabolic element of a discrete group G H MðR n Þ is said to be a parabolic vertex of G if one of the following conditions is satisfied.
(1) The subgroup Stab on klein-maskit combination theorem in space II Definition 2.9. Let G be a discrete subgroup of MðR n Þ. A point x A R n is said to be a conical limit point (or a point of approximation in some literature) if there are z A H nþ1 and a geodesic ray l in H nþ1 tending to x in B nþ1 whose r-neighbourhood with some r A R contains infinitely many translates of z.
As was shown in Theorem 12.2.5 in Ratcli¤e [18] , we have a characterisation of conical limit points as follows. The following result due to Bowditch [6] or [7] will be essentially used in the proof of our main theorem. We shall make use of the following result of Bowditch [6] . For a G-invariant set S on R n , we say a collection of subsets fA s g s A S is strongly invariant if gA s ¼ A gs and for any s 0 t A S, A s V A t ¼ j. We should note that each A s is in particular precisely invariant under Stab G ðsÞ in G.
Lemma 2.9. Let P be the set of all parabolic vertices of a discrete group G H MðR n Þ. Then we can choose a standard parabolic region B p for each p A P in such a way that fB p j p A Pg is strongly invariant.
2.6. Blocks. Throughout this subsection, we assume that G is a discrete subgroup of MðR n Þ, and J denotes a subgroup of G.
Definition 2.11. A closed J-invariant set B in R n , containing at lease two points, is called a block, or more specifically ðJ; GÞ-block if it satisfies the following conditions.
(1) B V WðGÞ ¼ B V WðJÞ, and B V WðGÞ is precisely invariant under J in G.
(2) If U is a peak domain for a parabolic fixed point z of J with the rank of Stab J ðzÞ being less than n, then there is a smaller peak domain
Let S be a topological ðn À 1Þ-dimensional sphere in R n . Then S separates R n into two open sets. We say that S is precisely embedded in G if gðSÞ is disjoint from one of the two open sets for any g A G.
A ðJ; GÞ-block is said to be strong if every parabolic fixed point of J is a parabolic vertex of G.
We have the following in [10] .
Theorem 2.10. Let J be a geometrically finite subgroup of G and B H R n be a ðJ; GÞ-block such that for every parabolic fixed point z of J with the rank of Stab J ðzÞ being less than n, there is a peak domain U z for J with U z V B ¼ j. Let G ¼ 6 g k J be a coset decomposition. If fg k ðBÞg is a sequence of distinct translates of B, then we have diamðg k ðBÞÞ ! 0; where diamðMÞ denotes the diameter of the set M with respect to the ordinary spherical metric on R n .
The second Klein-Maskit combination theorem
In this section, we shall show our main theorem (Theorem 3.1).
Definition 3.1. Let J 1 and J 2 be subgroups of a discrete group G 0 H MðR n Þ, and let f A MðR n Þ be an element of infinite order. Following Maskit, we say that two closed topological n-dimensional balls B 1 and B 2 in R n , are jointly f -blocked if the following conditions are satisfied.
( Definition 3.2. Let fS j g be a collection of topological ðn À 1Þ-spheres. We say that the sequence fS j g nests about a point x if the following are satisfied.
(1) The spheres S j are pairwise disjoint.
(2) Each sphere S j separates x from the precedent S jÀ1 . (3) For any point z j A S j , the sequence fz j g converges to x. Now we state our main theorem.
Theorem 3.1. Let G 0 H MðR n Þ be a discrete group with geometrically finite subgroups J 1 and J 2 , and f A MðR n Þ an element of infinite order with
( Let us explain what this theorem claims intuitively. We are given two geometrically finite subgroups J 1 , J 2 of G 0 and a Mö bius transformation f conjugating J 1 to J 2 , none of whose non-zero powers is contained in G 0 . The two topological balls B 1 and B 2 are invariant sets under J 1 and J 2 with some good conditions respectively, and f translates Fr B 1 to Fr B 2 inside out. In this situation, the theorem says that the group generated by G 0 and f is discrete and isomorphic to the HNN-extension of G 0 by f . The group G may contain a parabolic element which is not contained in G 0 , but then it is conjugate to a parabolic element whose fixed point coincides with the fixed point of a parabolic element of J 1 (or J 2 ). Moreover, with further assumptions on parabolic fixed points, the theorem claims that the group G is also geometrically finite.
The following lemma constitutes the key step for the proof of our main theorem. 
Proof. We only need to prove (7) and (8). It is easy to see that
Now we prove Theorem 3.1. Since the proofs of (1)- (8) of Theorem 3.1 are similar to those in [10, 15] , we give proofs only for (9) and (10).
Proof of (9). Since we are assuming each B m is a strong ðJ m ; G 0 Þ-block for m ¼ 1; 2, by our assumption mentioned above, Fr B 1 is a strong ðJ 1 ; GÞ-block, and Fr B 2 is a strong ðJ 2 ; GÞ-block. Let x be a limit point of G, which is not a translate of a limit point of G 0 . By ð6Þ, there is a sequence fg k ðFr B 1 Þg of distinct G-translates of Fr B 1 with jg k j ! y such that fg k ðFr B 1 Þg nests about x. We can assume that g 1 ¼ id. Then g Since J 1 is geometrically finite, by Proposition 2.16 in [10] , which is originally due to Bowditch, there are a Dirichlet domain P for J 1 and standard parabolic regions B p 1 ; . . . ; B p k such that Pn6 j ðInt B p j U fp j gÞ is compact and contains no limit point of J 1 . Since P is a Dirichlet domain, the interior of S ¼ P V R n is a fundamental domain for J 1 . Since g À1 k ðxÞ is contained in WðJ 1 Þ on klein-maskit combination theorem in space II for each k, there is an element q k A J 1 such that q k g À1 k ðxÞ A S. We denote q k g À1 k by f k . We claim that f f k ðxÞg stays away from Fr B 1 . Suppose, seeking for a contradiction, that f k ðxÞ ! w A Fr B 1 V LðGÞ ¼ Fr B 1 V LðJ 1 Þ passing to a subsequence. Then w is a parabolic fixed point of J 1 , where the rank of Stab J 1 ðwÞ is less than n, since S intersects LðJ 1 Þ only at the p j . This means that all f k ðxÞ lie in some extended horoball B p j if we take a subsequence, where p j ¼ w. Let the rank of Stab J 1 ðwÞ be s and the rank of Stab G ðwÞ be m. If s ¼ m, then we can assume that the interior of B w V R n , which is denoted by U w , is also a peak domain for G. Hence we may assume that U w nfwg is contained in WðGÞ. On the other hand, since x lies in LðGÞ, we have f k ðxÞ A LðGÞ, which is a contradiction.
Therefore, there is d > 0 such that dð f k ðxÞ; zÞ > d for any z A Fr B 1 , where d denotes the ordinary spherical metric on R n . Since Fr B 1 separates g
k ðxÞ, we see that for all z on Fr B 1 we have d < dð f k ðxÞ; zÞ < dð f k ðxÞ; f k ðzÞÞ. On the other hand, since g k ðFr B 1 Þ nest around x, we see that for any point y on Fr B 1 , the points f À1 k ðyÞ converge to x. We now apply Proposition 2.7 to conclude that x is a conical limit point of G.
If s < m, by conjugation and Bieberbach's theorem (also refer to Theorem 2.10 in [10] ), we may assume that w ¼ y, 
is a peak domain for G and Unfyg H WðGÞ. We know that f f k ðxÞg H LðGÞ.
, then we choose a sequence fi k g of integers such that for all k, j j We now conclude that x is a conical limit point of G. r Proof of (10). We first assume that G 0 is geometrically finite. Then B 1 and B 2 are both strong blocks of G 0 , and hence each Fr B m is a strong ðJ m ; GÞ-block by our assumption.
Take any point x A LðGÞ. Suppose first that x is a parabolic fixed point, where the rank of H ¼ Stab G ðxÞ is k < n. By (9), x is a translate of a limit point of G 0 . Without loss of generality, we may assume that x lies on LðG 0 Þ. Since G 0 is geometrically finite, x is a parabolic vertex or a conical limit point of G 0 . If x is a conical limit point for G 0 , then so is it for G. Since a parabolic fixed point cannot be a conical limit point, x is a parabolic vertex for G 0 . If x lies in G 0 ðFr B 1 U Fr B 2 Þ, then, since each Fr B m is a strong ðJ m ; GÞ-block, x is a parabolic vertex of G. On the other hand, since G 0 ðB
does not lie on any G 0 -translate of either Fr B 1 or Fr B 2 , then x is contained in A 0 . Since A 0 is precisely invariant under G 0 , we see that H is contained in G 0 . Therefore we have H ¼ Stab G 0 ðxÞ. There is a peak domain U centred at x for G 0 . Since U V LðG 0 Þ is empty, by choosing U to be su‰ciently small, we can assume that Unfxg H WðG 0 Þ. By conjugation, we may assume that x ¼ y. By Bieberbach's theorem, we may further assume that for any g A H, gðzÞ ¼ Az þ a, where a A R k and A preserves the subspaces R k and R nÀk , respectively. Then U is in the form
Claim 1. We can choose U small enough so that U H A 0 .
Proof. Since B 1 and B 2 are bounded and for any g A H,
, by taking su‰ciently large t, we can make
Hence no H-translates of B 1 or B 2 intersect U if we choose U to be small enough.
Suppose that there is a sequence fg k ðBÞg of distinct G 0 -translates of B 1 or B 2 such that the projections of g k ðBÞ to the subspace R nÀk converge to y for B ¼ B 1 or B ¼ B 2 . Without loss of generality, we may assume that B ¼ B 1 . Then taking a subsequence, we may assume that g k A G 0 À ðH U J 1 Þ since J 1 fixes B 1 . Lemma 3.2-(7) implies that g k ðyÞ ! y for all y A B 1 . Since g k ðUÞ V U ¼ j, the projections of g k ðUÞ to the subspace R nÀk are bounded. By Bieberbach's theorem, for each g k , we can choose an element j k A H so that all the j k g k ðy 0 Þ lie in a bounded set for a fixed y 0 A U. Since the projections of g k ðB 1 Þ to the subspace R nÀk converge to y, y B g k ðB 1 Þ and
, we may assume that all the j k g k ðB 1 Þ are distinct and that the projections of j k g k ðB 1 Þ to the subspace R nÀk converge to y by taking a subsequence. Lemma 3.2-(7) again implies that j k g k ð yÞ ! y for all y A B 1 . By Lemma 2.1, we may assume that j k g k ðyÞ ! y for all y except for a limit point of G 0 . This leads to a contradiction since y 0 A WðG 0 Þ and j k g k ðy 0 Þ 6 ! y. r Claim 1 implies that U H A 0 is precisely invariant under H in G, which means that x is a parabolic vertex for G.
Next assume that x is a limit point of G, which is not a parabolic fixed point. If x is a translate of a limit point of G 0 , then x is a conical limit point for G 0 , and hence for G. If x is not a translate of a limit point of G 0 , then x is a conical limit point for G by (9) . This completes the proof of the ''if '' part.
To prove the ''only if '' part, we assume that G is geometrically finite. Then each Fr B m is a strong ðJ m ; GÞ-block, and hence each B m is a strong ðJ m ; G 0 Þ-block by our assumption. Let x be a point in LðG 0 Þ.
Þ, then for simplicity, we may assume that x A Fr B 1 . So we have x A Fr B 1 V LðJ 1 Þ ¼ Fr B 1 V LðG 0 Þ. Since J 1 is a geometrically finite subgroup of G 0 , we see that x is either a conical limit point for J 1 or a parabolic fixed point for J 1 . In the former case, x is a conical limit point for G 0 . In the latter case, since B 1 is a strong ðJ 1 ; G 0 Þ-block, x is a parabolic vertex for G 0 .
Now let x be a point in A 0 . If x is a parabolic fixed point of G, then since A 0 is precisely invariant under G 0 in G, Stab G ðxÞ ¼ Stab G 0 ðxÞ, which shows that x is a parabolic fixed point of G 0 . We assume that the rank of Stab G ðxÞ is k < n. Since G is geometrically finite, there is a peak domain U centred at x for G, which is also a peak domain for G 0 . Therefore, x is a parabolic vertex for G 0 . Suppose that x is not a parabolic fixed point of G, which means that it is a conical limit point for G. In this case, there is a sequence fh k g of distinct elements of G with dðh k ðzÞ; h k ðxÞÞ is bounded away from zero for all z A R n nfxg and h Proof. If this is not the case, by taking a subsequence, we can assume that all the h k ðFr B m Þ are the same for all k. Then h Now we shall prove that x is a conical limit point of G 0 .
If
by taking a subsequence, we may assume that a k 1 > 0 for all k; for the case a k 1 < 0 can be dealt with in the same way. For each k, let h 
ÞÞ ! x and that there is e > 0 such that dði k g k 1 ðzÞ;
i k g k 1 ðxÞÞ > e for all k and any z A R n nfxg. This implies that x is a conical limit point of G 0 by Proposition 2.7.
If jh k j ¼ 1 for all k, then set h k to be g k 2 f e k g k 1 , where e k ¼ G1. By taking a subsequence, we may assume that e k ¼ 1 for all k. Then g k 2 ¼ id or g k 2 B J 2 . If g k 2 ¼ id for all k, then fg k 1 g is a sequence of distinct elements of G 0 since all the h k ðFr B 1 Þ are distinct. Thus, g k 1 ðxÞ ! f À1 ðx 0 Þ and g k 1 ðzÞ ! f À1 ðz 0 Þ for all z 0 x. Therefore, for all z A R n nfxg there is e > 0 such that dðg k 1 ðzÞ; g k 1 ðxÞÞ > e. Since g
If all the g k 2 ðB 2 Þ are distinct, then diamðg k 2 ðB 2 ÞÞ ¼ diamðg k 2 ðFr B 2 ÞÞ ! 0 by Lemma 3.2- (7), which violates the fact that dðh k ðzÞ; h k ðxÞÞ is bounded away from zero for all z A R n nfxg. Therefore we can assume that all the g k 2 ðB 2 Þ are the same by taking a subsequence. For each k, there is an element j k A J 2 with g k 2 ¼ g 1 2 j k , with
, and for all z A R n nfxg
ðx 0 Þ. Therefore, for all z A R n nfxg, there is a e > 0 such that dði k g k 1 ðzÞ; i k g k 1 ðxÞÞ > e. Then Proposition 2.7 implies that x is a conical limit point of G 0 . We can argue in the same way even when all h k are in the form g k 2 f À1 g k 1 . This completes the proof. r Now for an element g ¼ f a n g n Á Á Á f a 1 g 1 A G, we write g a 0 if either g 1 B J 1 , or g 1 A J 1 and a 1 < 0; g > 0 if g 1 A J 1 and a 1 > 0; g b 0 if either g 1 B J 2 , or g 1 A J 2 and a 1 > 0; and g < 0 if g 1 A J 2 and a 1 < 0.
Using this notation, we consider a coset decomposition of G with respect to J m for m ¼ 1; 2 as follows.
where
For l > 0, we set T l; 1 ¼ 6 k a l; k ðB 1 Þ and T l; 2 ¼ 6 k c l;k ðB 2 Þ, where ja l; k j ¼ jc l; k j ¼ l, a l; k a 0 and c l; k b 0. We denote T l; 1 U T l; 2 by T l , and let C l be the complement of T l in R n . It is easy to prove that fT n g is a decreasing sequence with respect to the inclusion, that is, Proof. By assumption, we know that Fr B m is precisely invariant under J m in G. Let x be a parabolic fixed point of J 1 . Since Fr B 1 is precisely invariant under J 1 in G, we know that
The ''if '' part. We first assume that each B m is a strong ðJ m ; G 0 Þ-block. Let x be a parabolic fixed point of J 1 , where the rank of H is k < n. Then there is a peak domain U centred at x for G 0 . By making U smaller if necessary, we have the following conditions:
(1) f ðUÞ is a peak domain centred at f ðxÞ for G 0 ; (2) G 0 ðUÞ V f ðUÞ ¼ j by Lemma 2.9; (3) Unfxg H WðG 0 Þ and f ðUÞnf f ðxÞg H WðG 0 Þ since ðU U f ðUÞÞ V LðG 0 Þ ¼ j. By conjugation, we may assume that x ¼ y. Decompose R n into R k Â R nÀk . By Bieberbach's theorem, we may assume that Stab Ã G ðyÞ is the maximal abelian subgroup of finite index in Stab G ðyÞ which appeared in Definition 2.5, so that for any g A Stab G ðyÞ, gðzÞ ¼ Az þ b, where the rotation A leaves R k and R nÀk invariant and the vector b lies in the subspace R k , whereas if g lies in Stab Ã G ðyÞ, then its restriction to the subspace R k is a translation. Thus we have U in the form [19] or [20] , we denote by PSLð2; G n Þ the n-dimensional Cli¤ord matrix group. Then PSLð2; G n Þ is isomorphic to MðR n Þ (cf. [1] ). We assume that n ¼ 3. We denote the standard basis of R 3 by 1, e 1 and e 2 . Each element x A R 3 is expressed as
We set
and
By the definition of Cli¤ord algebra, j 1 ; j 2 ; j 3 ; j 4 and f act on R 3 as follows.
Then we have the following.
Theorem 4.1. G is geometrically finite.
We shall prove this theorem in the remainder of the paper. 
